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Convex comparison of service disciplines in real 

time queues 
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LMAC - UTC Compiegne 
Abstract 



We present a comparison of the service disciplines in real-time queueing 
systems (the customers have a deadline before which they should enter 
the service booth). We state that giving priority to customers having 
an early deadline minimizes the average stationary lateness. We show 
0\J • this result by comparing adequate random vectors with the Schur-Convex 

majorization ordering. 

fH [ keywords: Queues with deadline; Earliest Deadline First; Stochastic compari- 

+^ ■ son; Schur-convex ordering. 



*> ■ 1 Introduction 

in 

In real-time queuing theory, each customer entering the queueing system is not 
only identified by his arrival time and service duration but also by a deadline. 
In other words, a given customer has a given period of time (his patience, i.e., 
the remaining time before his deadline) during which he should enter the service 
booth. This patience then decreases at unit rate as time goes on. If the deadline 
is reached before the customer could enter service, the customer is either lost 
and the deadline is said hard, or he is kept in the waiting line and the deadline 
is said soft. Hereafter we draw a comparison of the service disciplines in the 
. soft deadline case. The performance metrics we focus on is the lateness of the 

customers with respect to their deadlines. 

In both deterministic and random environments, it appears that the Earliest- 
Deadline-First (EDF for short) discipline, which consists in giving priority to 
the customers having the nearest deadline, is optimal. It is the more feasible in 
the static case (see [4]): if some preemptive discipline can serve the customers 
of a given scenario without any lateness, then preemptive EDF also does. It has 
been shown independently in [6] and [10] that preemptive EDF is also optimal 
for job loss in the hard deadline context. More recently, [H] have proved that 
the soft preemptive EDF minimizes the lateness and tardiness of all the tasks 
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in the system at a given time. In the hard deadline context and when random- 
ness is assumed, non-preemptive EDF ensures the smallest loss for the strong 
stochastic ordering (see [9]) and the least failure probability, i.e. it minimizes 
the stationary probability of being lost before service ([<§]). It is shown in [2] that 
EDF also minimizes stochastically the number of lost customers among preemp- 
tive disciplines. In the soft deadline case, non-preemptive EDF also minimizes 
the largest lateness among all the customers in the system at a given time (or 
at a given finite set of times), for the strong stochastic ordering (see [TT]). 

In this paper, we consider the soft deadline case, and state that non-preemptive 
EDF also minimizes the mean stationary lateness of the customers. Our main 
result (Theorem [1]) is in fact more general, and establishes that the more the 
scheduler gives priority to customers who are close to their deadline, the small- 
est the mean expectation (in the Palm sense) of any convex function of the 
stationary lateness. The main mathematical tool used in the proof is the Schur- 
Convex comparison of random vectors in the Palm space of the arrival process. 
This framework is convenient for the comparison of service disciplines in other 
cases: the optimality of the SRPT discipline for the residual service vector (see 
[5j) and that of FIFO for the waiting time (see e.g. [3]) have been shown in that 
sense. 

This paper is organized as follows. In section [2] we recall the main proper- 
ties of the Schur-Convex majorization ordering. In section [3] we make precise 
the definitions, assumptions and notation on the G/GI/1 queueing station we 
consider. In section [4] we state and prove our main result. We conclude this 
paper with some comments in section [H 



2 The majorization ordering on R n 

Let us recall the definition and main properties of the majorization partial semi- 
ordering on the Euclidian space R™. Let T (1, n) denote the set of permutation 
of {1, n} and for any vector X = (X\, X 2 , X n ) and any 7 G T (1, n), 
denote X 7 :— (Xym, -X" 7 (2), Xy(n)) ■ A function F from M" to some space 
S is said symmetric whenever F(X) = F (X~ ( ) for any X £ K™ and any 7 £ 
F (1, n). The fully ordered version of any X G K n is X a such that X a ^ < 
X a (j\ for any 1 < i < j < n. We say that 7 £ F(l,...,n) is a reordering 
permutation of I € E™ if X is not fully ordered and 7(1) = j and ■y(j) — i for 
some i < j such that Xi > Xj . 

Let X,Ye M™ and a, (3 G T (1, ...,n). Denote X a and Yg the fully ordered 
versions of X and Y, respectively. Then we say that X -< Y if 

, n n 

) i—l i—1 
\ n n 

^2 X a(i) < £*£(<)) k = 2,...,n. 

^ i—k i—k 

The properties of -< are thoroughly presented in [l] and [?]• Let us quote the 
following ones, which will be used in the sequel. 

X -4 Y <J=^ -X -< -Y, (1) 
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where e.g. —X denotes the vector whose coordinates are the opposite of that of 

X, 

X -< Y F(X) < F(Y) for any convex symmetric real function F. (2) 
For any fully ordered Z £ M" and any 7 that reorders X, 

X 1 - Z < X - Z (3) 
(see for instance [3], Lemma 4.1.1 p. 266). 

3 The queue with smooth deadlines 

Let (fi, J-, P, 6 t ) be a probability space furnished with a bijective flow (#t) tgK , 
under which P is stationary and ergodic. Consider a single-server queueing 
station with infinite buffer, fed by a G/GI input: the arrival process (N t ) t£R of 
points ... < T_i < T < < T\ < T 2 < ... is compatible with (#t) tgR and hence 
its increments, or interarrivals £„ := T„+i -T„,n6Z form a stationary ergodic 
sequence of random variables (r.v. for short). The generic interarrival £ is 
assumed to be integrable. We denote for all n € Z, C n the n-th customer in the 
order of arrivals (i.e. entered at time T n ) and a n , the service duration requested 
by C n . We assume furthermore that a smooth deadline D n is assigned to the 
customer C„, before which he should begin his service. The initial patience 
of C n (i.e. the time before his deadline) is hence given by P n :— D n — T n . 
The sequences {oVi} ngZ anc ^ {-^"Inez are sequences of marks of {N t ) tGR . Under 
these settings one can define the Palm space (O, J 7 , P°, 0) of (N t ) teR , which is 
such that P° [To = 0] = 1 and where 9 :— Qt x is a bijective stationary ergodic 
discrete flow. In particular, {a n } n£Z and {Pn}„ gZ are stationary in that P°-.a.s, 
c n = (To o 6 n and P n = Po o 9 n , n G Z. We assume furthermore that {c n } neZ 
is i.i.d., independent of (AT t ) teR and {Pn} n£ z, and that the r.v. cr := cro and 
P := Po are integrable. The deadlines are soft, thus any customer agrees to wait 
in the system as long as his service is not completed, even though he passed 
his deadline. Therefore the system is conservative (any entered customer is 
eventually served), and Loynes' stability condition for such a system, 

E° [a] /E° [£]<1, 

is assumed to hold. We denote by W n , the waiting time of C n (the time he must 
wait before entering service) , and B n =T n + W n the instant in which C n begins 
his service. At any time t > T n , the residual patience (i.e. the remaining time 
before the deadline) of C„ at time t is given by R n {t) = D n — t. The residual 
patience of C n at the time he begins his service thus reads R n :— R n (B n ). 
Hence the lateness (if any) of C n with respect to his deadline is given by 

L n = (R n y := - min (R n , 0) . 

Let <& and \& denote two admissible non-preemptive service discipline, i.e. 
two policies followed by the server when choosing the customer to serve, depend- 
ing only on the state of the system at this instant (not on the already served 
customers, nor on the future customers to enter). We recall, that a discipline is 
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said non-preemptive when the server always completes an initiated service even 
when a priority customer enters the system in the meanwhile. The compliance 
of the service discipline with respect to the real-time constraint is characterized 
as follows. We write $ <C 'J, whenever <I> always chooses a customer having a 
deadline earlier (and maybe already passed!) than that of the customer cho- 
sen by Vf", in the case where both customers are present in the system and the 
service booth is free (i.e. at this instant t, if <j> chooses C, and <J/ chooses Cj, 
then Ri(t) < Rj(t)). In particular the Earliest Deadline First (EDF) service 
discipline always gives priority to the customer having the earliest deadline, and 
the Latest Deadline First (LDF) one gives priority to the customer having the 
latest deadline. Then, by definition 

EDF <C $ <C LDF for any admissible discipline $. 

4 Comparison of service disciplines 

Let us emphasize for a given system the dependence on the service discipline by 
adding when necessary the superscript * whenever the service discipline is $. 
Since the stability condition is assumed to hold, their exists a stationary (i.e. 
compatible with 9) waiting time under discipline <I>. Hence there exists 
a stationary residual patience when entering service and a stationary lateness, 
which are respectively given by 

R® := P — VK* 

and 

L $ = 

We now state our main result. 



Theorem 1 For any convex function g : M — > BL 

E° [g < E° [g (i?*)] whenever $ < (4) 

Proof. Let us assume that customer Co finds an empty queue upon arrival. 
We denote for any k > 0, 4>{k) (resp. "4>(k)) the rank, in the increasing order 
of deadlines, of the fc-th customer served under <I> (resp. Let for any 

j > 0, C a tj\ be the j-th customer in the increasing order of deadlines (i.e. 
D a (i) < D a /jj for i < j), and for all n > 0, j(n) be such that the n-th customer 
served by is the 7(n)-th customer served by <I>. Since for all k > 0, C^oa^ 
(resp. C^oa(fe)) is the A:-th customer served under $ (resp. Vf"), we have 

7 = a o -0 o (f)^ 1 o aT x . 

Let N and N 7 be the counting measures representing respectively the original 
double-marked input point process, and the input point process when the service 
times of the customers are rearranged following 7, i.e. 

n>0 
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^ 7 :=E 5 ?W«).iV 

n>0 

Then, it is easily seen that 

N and iV 7 have the same distribution (5) 

(this is the "interchange argument" for the G/GI input, see [3], p. 267). We 
add when necessary a superscript N (resp. N ) whenever the input is N (resp. 
TV 7 ). Let T T be the first time in which a customer enters an empty queue when 
starting with an empty queue just before time To- Note, that since the system 
is conservative, T T does not depend on the service discipline, nor on the order 
of services. We have for any n < r — 1 

_1 (n)-l 4>- 1 (n)-l 
R JV 7 ,* _ _ 
a(n) / J &~foaO(p(i) — / J ^aoiporf}- 1 oa^ 1 oaO(f>(i) 

i=l i=l 

0" 1 (n)-l 

"aoip(i) — £i 7 oa(n)' 

i=l 

that is the instant in which customer C 70Q („) begins his service under 4". Thus 
we have 

K a = D a a = D a ~ B -yoa = U a. ~ B -yoc ■ (°J 

Let us moreover remark that 



Lemma 1 7 is a composition of reordering permutations of B^'* . 

Proof of Lemma[I[ The first integer n, if any, such that 7(a(n)) ^ a(n) is such 
that at the a(n)-th end of service under W (which is as well the a(n)-th end 
of service under <& since j(k) = k for k = 0, ...,a(n) — 1), there are in both 
systems (under <I> and ^) two customers, say and Ci 2 such that D il < D i2 , 
whereas the server takes care of under $ and of Ci 2 under 'J. In other 
words, denoting for I — 1,2, ji — a _1 (i;), we have B!.^ < B^, whereas 
i 2 = a(j2) > ct(ji) — i\. Now, since $ gives priority to Ci 1 over C; 2 , we have 
4> (Ji) < (ia)- Hence from the definition of ip, 

70q(j'i) — aoipocf>- 1 (j 1 ) aoipO(f>- 1 (j 2 ) ~ ~f°a(j 2 )' 

Thus the permutation 71 interchanging i and j reorders -B^'*, and 7 reads 
7 = 7 p o ... o 7 1: where the 7, are such permutations. □ 

It is thus a consequence of Lemma [H together with ((3j) and ([I]) that 
that is with ([6]), 
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Hence from ((2|), for any convex symmetric F : M. T - 
and in particular for all convex function g : K — > R 



T-l 



T-l 



Finally, taking expectations in this last inequaliy and in view of , 
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T-l 



E 



r-1 



< E 



E 



This leads to JU using the cycle formula of Palm probability. 
Since g{x) := x _ is a convex function, we have 



□ 



Corollary 1 The mean lateness is minimized by EDF and maximized by LDF, 
i.e. for any admissible discipline <f>, 

E° [L EDF ] < E° [£*] < E° [L LDF ] . 



5 Comments 

Let us first emphasize the differences between our results and that of [TT] , The- 
orem 4 p. 229. Corollary [TJ states in particular that in the steady state, the 
lateness an arriving customer will undergo is (in average) minimized by EDF 
among all non-preemptive disciplines. Theorem 4 of [TT] shows a complemen- 
tary, but not directly related result: for a given N and a given set of instants 
t\ < t 2 < ... < tff, any increasing function (for the coordinatewise ordering) 
of the random vector (Z(ti), Zfe), Z(tN)) is stochastically minimized by 
EDF, denoting for all t > 0, Q(t) the number of customers in the systems at t 
and Z{t) = max^''' (— Ri(t)) . In particular, this implies that for any t > 0, the 
maximal lateness (termed tardiness in [TT]) among the customers in the system 
at t is stochastically minimized by EDF. The performance metrics there is the 
maximal lateness rather than the average lateness, as it is the case in our study. 

On another hand, remark that Corollary [TJ is consistant with the optimal- 
ity of the FIFO service discipline for the average waiting time (see e.g. [3], 
Property 4.1.3 p. 266), in the case where the initial patience of the customers 
is deterministic (say P n — p, P°-a.s.). Then, EDF reduces to FIFO (the first 
customer in the system has the earliest deadline), and the waiting time vector 
on a busy cycle reads W = p — R, where p := (p,p...,p). Hence the Schur convex 
minimality of W F1FO amounts to that of i? FIFO , i.e. R EVF . 
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